We study the threshold temperature for pairwise thermal entanglement in the spin-1/2 isotropic Heisenberg model up to 11 spins and find that the threshold temperature for odd and even number of qubits approaches the thermal dynamical limit from below and above, respectively. The threshold temperature in the thermodynamical limit is estimated. We investigate the many-particle entanglement in both the ground states and the thermal states of the model up to 11 spins, and find that the ground state in the four-qubit model is a four-particle entangled state and the corresponding thermal state is also a four-particle entangled state before a threshold temperature. Entanglement is a nonlocal quantum correlation and entangled states constitute indeed a valuable resource in quantum information processing ͓1͔. Entanglement in systems of interacting spins ͓2-6͔ as well as in systems of indistinguishable particles ͓7-11͔ has been investigated. In particular, entanglement in both the ground state ͓2,3͔ and thermal state ͓4 -6͔ of a spin-1/2 Heisenberg spin chain have been analyzed in the literature. The intriguing issue of the relation between entanglement and quantum phase transition ͓12͔ have been addressed in a few quite recent papers ͓13,14͔.
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The state we will consider is the thermal equilibrium state in a canonical ensemble. The system state at finite temperature is given by the Gibb's density operator T ϭexp (ϪH/kT)/Z, where Zϭtr͓exp(ϪH/kT)͔ is the partition function, H is the system Hamiltonian, k is the Boltzmann's constant that we henceforth will take equal to 1, and T is the temperature. As T represents a thermal state, the entanglement in the state is called thermal entanglement ͓4͔. It is important to stress that, although the central object of statistical physics, the partition function, is determined by the eigenvalues of H only, thermal entanglement properties generally require, in addition, the knowledge of the energy eigenstates. In some models, such as the isotropic Heisenberg qubit rings, the pairwise thermal entanglement can be completely determined by the partition function ͓15͔.
Let us briefly review the main results of Ref. ͓15͔. We consider a physical model of a ring of N qubits interacting via the isotropic Heisenberg Hamiltonian
where
is the swap operator between qubit i and j, ជ i ϭ( ix , iy , iz ) is the vector of Pauli matrices, and J is the exchange constant. In Ref. ͓15͔, we proved that there is no thermal entanglement between two nearestneighbor qubits in the ferromagnetic (JϽ0) isotropic Heisenberg rings at any temperature. So we only consider the antiferromagnetic case and the exchange constant J is then assumed to be 1. A direct relation is established between the concurrence ͓16͔ quantifying two-qubit entanglement and a macroscopic thermodynamical function, the internal energy U ͓15͔:
where ␤ϭ1/T and C(N) refers to the concurrence for two nearest-neighbor qubits of the N-qubit ring. The entanglement is uniquely determined by the partition function of the system. Note that there is a slight difference between the expression of the concurrence and the one given in Ref. ͓15͔ due to a constant term added in Eq. ͑1͒ for convenience of numerical calculations. The reason why the entanglement is determined only by the eigenvalues of the system is that there are many symmetries in the isotropic Heisenberg model such as translational invariance and rotational symmetry along x,y,z directions ͓15,17-20͔. If we apply a nonzero magnetic field along z direction, we only have rotational symmetry along z direction. In this case we cannot determine the entanglement by eigenvalues alone.
From Eq. ͑2͒ the concurrence for the ground state ͑GS͒ with energy E GS is then followed by
which is obtained in Ref. ͓2͔ for even-number qubits. But now we know that it is valid for any number of qubits. From the available results ͓17-20͔ of the ground-state energy, we can determine the concurrence directly. For the case of evennumber qubits the concurrence is given in Ref. ͓2͔ . Here in Table I we give the concurrence of ground states for N qubits up to Nϭ11. From the table we find that the entanglement increases with the increase of odd number N. On the contrary, the entanglement decreases with the increase of even N. We also see that the ground state is always entangled except the case of Nϭ3.
Since ‫ץ‬U/‫ץ‬Tу0 and C GS (3)ϭ0, there is no entanglement at any temperature for the case of Nϭ3. For other cases, C GS (N)Ͼ0 (N 3), and the concurrence ͑2͒ is a monotonically decreasing function of the temperature. It is then obvious that there exists a N-dependent threshold temperature T th (N) after which the thermal entanglement disappears. The threshold temperature is determined by the equation U(T th )ϭ0. Therefore the problem left is to examine the threshold temperature and we address it in this Brief Report. We will determine the threshold temperature analytically for NϽ5 and numerically for Nу5.
The number of qubits we will consider is up to Nϭ11. Analytical results can be obtained for very small rings. For Nϭ2, the eigenvalues of H is easily found to be Ϫ2(1) and 2 ͑3͒ ͓4͔, where the number in the parentheses is the degeneracy. For Nϭ3, the eigenvalues of H are 0͑4͒ and 3͑4͒ ͓6͔. For Nϭ4, by direct diagonalization, the eigenvalues are given by Ϫ2(1), 0 ͑3͒, 2͑7͒, and 4͑5͒ ͑see later discussions͒. From the eigenvalues the partition functions Z(N) (N ϭ2,3,4) simply follow as
The substitution of Eq. ͑4͒ into Eq. ͑2͒ leads to
which are explicit analytical expressions for the concurrence. The threshold temperatures are directly obtained from the above equation: T th (2)ϭ4/ln 3Ϸ3.641, T th (3)ϭ0, and T th (4)ϭ1.726 728. For Nу5, we use numerical method to determine the threshold temperature. We mention that some analytical results of the eigenvalue problem for Nϭ5, 6, and 7 can be found in Ref. ͓21͔. Bethe's ansatz ͓22͔ can be used for the calculations of eigenvalues. Here we use the exact diagonalization method to calculate the eigenvalues. The obvious symmetry ͓H,S z ͔ϭ0 allows us to decompose the Hilbert space of the system into a set of orthogonal subspaces. Here S z ϭ1/2͚ iϭ1 N iz is the collective operator for N qubits. The dimension of the subspace is much smaller than the original Hilbert space, and then we can diagonalize the Hamiltonian in the subspaces.
The numerical results for the threshold temperature are given in Tables II and III , from which we find that threshold temperature increases ͑decreases͒ as N increases for the case of odd ͑even͒ qubits. We also observe that the threshold temperature converges very quickly. Then we can estimate the threshold temperature in the thermodynamic limit T th (ϱ) Ϸ1.5903 from the numerical results of these finite systems. So we have the following relation:
which implies that the threshold temperatures for Nodd and N even approach the thermal dynamical limit from below and above, respectively. We have considered only pairwise thermal entanglement of a multiqubit system. Another type of entanglement is the N-particle entanglement that involves all N particles. As far as we know there are no discussions on many-particle thermal entanglement. In the following, we will consider the many-particle entanglement in the ground states of the Heisenberg models up to 11 qubits, and then study the manyparticle thermal entanglement within the four-qubit Heisenberg model.
For a three-qubit pure state, there exists a good measure of three-particle entanglement ͓23͔. Since there are no reliable many-particle entanglement measures for more than three qubits, we have to resort to other criteria. Here we use the state preparation fidelity F of a N-qubit state to investigate the many-particle entanglement. The state can be either pure or mixed. The fidelity is defined as ͓25͔
Greenberger-Horne-Zeilinger ͑GHZ͒ state ͓24͔.
The sufficient condition for N-particle entanglement is given by ͓25͔ F͑ ͒Ͼ1/2. ͑8͒ Let us study the many-particle entanglement in the ground states of the Heisenberg models for the number of qubits up to 11. It is known that ͓19͔ the ground state, which has S z ϭ0, is nondegenerate if N is even; and the ground state, which has S z ϭϮ1/2, is fourfold degenerate if N is odd. Then the ground state is a pure ͑mixed͒ state for even ͑odd͒ N. We numerically find the ground state of the system, from which we calculate the fidelity. The form of the GHZ state is chosen in order that the fidelity is as large as possible. The numerical results are given in Table IV . First, we observe that the fidelity of four-qubit ground state is larger than onehalf, hence it is a many-particle entangled state. The fidelity is less than one-half for N from 2 to 11 except for Nϭ4. If we consider even or odd number N, the fidelity decreases as N increases. From the analytical expressions of the ground states for Nϭ3 ͓6͔ and Nϭ4 ͑see below͒, we can analytically obtain the fidelity Fϭ1/6 for Nϭ3 and Fϭ2/3 for N ϭ4, respectively.
Having found that the ground state of the four-qubit Heisenberg model is a four-particle entangled state, we expect that the thermal state will be also a four-particle entangled state for small temperatures. We also expect a threshold temperature below which the ground state is four-particle entangled. To study the many-particle thermal entanglement we need to know all the eigenvalues and eigenstates. For convenience following notations are used:
Here T is a unitary cyclic right shift operator ͓19͔ defined by its action on the basis T͉m 1 m 2 m 3 m 4 ͘ϭ͉m 4 m 1 m 2 m 3 ͘ and ͉m 1 m 2 m 3 m 4 ͘ϭ͉m 1 ͘ ͉m 2 ͘ ͉m 3 ͘ ͉m 4 ͘.
A direct diagonalization of the four-qubit Hamiltonian gives all eigenvectors and eigenvalues E 0 ϭ4,͉⌿ 0 ͘ϭ͉0000͘,
where the parameters t k ϭexp(ik/2)(kϭ1,2,3,4), and the operator ⌳ x ϭ x 4 ϭ x x x x . These eigenvalues and eigenstates completely determine the thermal state T . We let our GHZ state be ͉⌿ GHZ ͘ ϭ1/ͱ2(͉1010͘ϩ͉0101͘). Then from Eq. ͑7͒ and all the eigenvalues and eigenstates, we get
.
͑11͒
It is easy to verify that Fϭ2/3 in the limit of T→0 as we expected.
In Fig. 1 , we give the numerical result for the state preparation fidelity against temperature. For comparison we also plot the concurrence. First, we observe that there exists a threshold temperature T th for the state preparation fidelity before which the thermal state T is four-particle entangled state. The threshold temperature T th Ϸ0.83. Since the condition FϾ1/2 is a sufficient condition, we cannot say that the thermal state has no four-particle entanglement after T th . From the figure we can see that the thermal state has both the pairwise entanglement and the four-particle entanglement before the threshold temperature. But both entanglement are not maximal.
In conclusion, we investigated the threshold temperature for the pairwise thermal entanglement in the isotropic Heisenberg model with finite number of qubits up to Nϭ11. We find that the threshold temperatures for odd and even number of qubits approach the thermal dynamical limit from below and above, respectively. Although we only calculated the threshold temperatures for small spin rings, we can well estimate the threshold temperature in the thermodynamical limit as T th (ϱ)Ϸ1.5903 since T th (N) converges very quickly as N increases. By using one sufficient condition for many-particle entanglement, the state preparation fidelity is larger than one-half; we investigated the manyparticle entanglement of both the ground states and the thermal states in the Heisenberg models up to 11 spins. We find that the ground state of the four-qubit model is a fourparticle entangled state, and also find that there exists a threshold temperature T th Ϸ0.83 below which the thermal state is a four-particle entangled state. It is interesting to see that pairwise entanglement and four-particle entanglement ͑not maximal͒ coexists in this system. We cannot find the many-particle entanglement in the Heisenberg models with number of spins N 4.
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